Exercises of The Mathematica
GuideBook for Programming

This document was downloaded from http://www.mathematicaguidebooks.org. It contains extracted material from the
notebooks accompanying The Mathematica GuideBook for Programming. Copyright Springer 2004. Redistributed with
permission.

CHAPTER 1

1.1? What You Always Wanted to Compute

Find a problem or lengthy calculation (or a few of them) that you have always wanted to solve or carry out. Make a list of
such problems, and as you read this book, try to find ways to solve your problems with Mathematica.

2.'2 Mathematica or Axiom or Maple or MuPAD or REDUCE or Form?

Compare the mathematical capabilities, clarity and uniformity of the syntax, required computational times, and directness
with which mathematical ideas can be converted to programs using Mathematica and other (general-purpose) computer
algebra systems. Use your computer if you have the technical (and financial) means. If not, page through, look at, read, and
carefully study the corresponding handbooks and documentation. Here is some information on some of the various systems
(for a more detailed listing and additional references, see [17x%]).

axiom:hhttp://www.nongnu.org/axiom/
References: [23%], [27 %]
Maple: http://www.maplesoft.com

References: [4%], [5%], [37%], [34x%], [6%], [16%], [19%], [26%], [11%], [12%], [21%], [14%], [36%], [28%], [24%], [10%], [25%],
[8%], [9%], [2%x], [22%], [3%], [18%], [29%], [30%], and [1%], as well as the Maple newsletters Maple Tech published by
Birkhauser and the newsgroup comp.soft-sys.math.maple.

MuPAD: http://www.mupad.de
References: [13%],[15%], [33%], [38%], [32x%]
Reduce: http://www.uni-koeln.de/REDUCE/

References: [42%], [40x], [41x%], [20%], [31%], and [35%]
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Form: http://www .nikhef.nl/~form/
References: [43%], [44x%]

For an overview of all general and special-purpose computer algebra systems and how to obtain them, see Computeralgebra--
Report from Germany [7%], http://SymbolicNet.mcs.kent.edu/systems/Systems.html, http://www.can.nl/Systems_and_-
Packages/Per_Purpose/General/index_table.html.

For a standardized format (OpenMath) concerning the mutual exchange of data between computer algebra systems, see [39%],
http://www.openmath.org/.
3."" Improvements?

We refer occasionally to some inconsistencies, restrictions, or bugs in Mathematica Version 4.0. If the reader has a newer
version, check if these inconsistencies, restrictions, or bugs are still there, or if they have been removed.

CHAPTER 2

1.'" What Is the Answer?

Predict the results of the following Mathematica inputs, and compare each prediction with the actual Mathematica output.
ab + a+ a

b)2 + 4 +u+ 8+ i+ u-1
¢)2 + 0I

d) Head[2 + 0I ]

e 0.0I - 0.0I

f) FullForm[0.0I - 0.0I ]

g) Infinity"Infinity

h) Infinity/Infinity

i) Infinity - Infinity

j) 1/Indeterminate

k) FullForm[s + s”"s/s - s]

) Times[Times, Times]
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m) Times[Times[], Times[]]

n) Times[Times[Times], Times[Times]]

2."" FullForm[expression] with ()?

Try to find a Mathematica expression expression so that FullForm[ expression] contains parentheses.

3.'" na38bvu94iwymmwpulk5h6jhtye934 and ((1/2 + 1/4 I)"(7))"(1/7)
a) What could the input be if the output is na38bvu94iwymmwpulk5h6jhtye934. Give at least two possible answers.

b) Why is the result of inputting ((1/2 + 1/5 I)~(7))"(1/7) just1/2 + 1/5 I, but the result of ((1/2 +
1/4 I)~(7))~(1/7)is (-139/8192 - 29 I/16384)"(1/7) andnot1/2 + 1/4 I?

¢) Find a built-in function f, such that the input Head @ (Im[f[3]] // N) returns the output Complex.

4.2 1evel, Depth, and Part

Analyze the following expression as a Mathematica expression:
expr = sin(tan(1 + ¢™) + x* — In(In(r # + a x)) + d(x) + x(x) arccos(arcsin(x*)) + h(h(h(i))))

What is its depth? Examine all possible levels. Where does x appear? Investigate all sensible values of Part[expr, nonNega
tiveNumber].

5.2 Level[expr, {-2, 2}] versus Level[expr, {2, -2}]
What are the results of the following two inputs?
Level[Sin[3 x + Cos[6/(t + Tan[r])]/Exp[-x"21]1, {-2, 2}]

Level[Sin[3 x + Cos[6/(t + Tan[r])]/Exp[-x"21]1, {2, -2}]

6."2 Branch Cuts

a) Discuss the location of the branch cuts of the function f(z) =1 / (z)* in Mathematica (meaning 1/(z"4)"(1/4)).

What are the values of the function f(z) on the other sheets of the Riemann surface?

b) Theoretically the location of branch cuts of an analytic function is not fixed. But by using the built-in functions of Mathe-
matica, the branch cuts of nested functions built from the built-in functions are determined. Determine the location in Mathe-
matica of the branch cuts of the function f(z) = Vz+1/z Vz—1/z.

¢) Determine the branch points and the branch cuts of the following function w(z): w(z) = arctan(tan(z/2)/2).
d) Characterize the function Sqrt[z] - 1/Sqrt[l/z].

e) Characterize the function 1/(z + Sqrt[z"2]).

f) Discuss the branch cut and branch point structure of the function g(z) = \/ z+Vz—-1 \/ z+ 1 in Mathematica.

g) Describe the branch cut location of the function f(z) =1/Log[Exp[1/2z]1]].
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h) Discuss the branch point and branch cut structure of the functions arccoth, arccosh, and arcsech. In Mathematica they are
defined as

ArcCoth[z]
ArcCosh[z]
ArcSech[z]

Log[l + 1/2]1/2 - Log[l - 1/2z]1/2
Log[z + Sgrt[z + 1] Sqgrt[z - 11]]
Log[Sqrt[l/z + 1] Sqgrt[l/z - 1] + 1/z].

How many different sheets does one reach by encircling the origin and +1 (on the corresponding Riemann surface) at various
radii? What happens if one moves around the eight-shaped contour {2 cos(¢), sin(¢)}? Is infinity a branch point? What are the
differences of the function values across the branch cuts?

7.12 “Strange” Analytic Functions

For all parts of this exercise, use only analytic functions like Exp, Log, Power, Sgrt, ... as building blocks, do not use
functions like Abs, Re, ....

a) Construct a function f that is 1 on the unit circle |zl = 1 and O everywhere else (with the possible exception of a finite
number of other points).

b) Construct a function f that is 1 inside the unit circle and O everywhere else.
¢) Construct a function fthat evaluates to 1 at x = 0 and to O at every other real x.
d) Construct a function f that evaluates 1 in the open interval (0, 1) and to O at every other real x.

e) Construct a function f that is equal to the staircase function |x] for real values x (with the possible exception of the points of
discontinuity of |x]). (Here, | x] is equal to the smallest integer less than or equal to x.)

f) Construct a function fthat is equal to the “castle rim function” x mod 2 (with the possible exception of the points of disconti-
nuity of x mod 2).

g) Construct a function f that is equal to the sawtooth function 1 — 2 |[x] — x/2|, where [x] denotes the rounding to nearest
integer to x.
8.2 ArcTan[(x + 1)/y] - ArcTan[(x - 1)/y] Picture

Predict how a picture of tan™' ((x + 1)/y) — tan~! ((x — 1)/ y) over the real x,y-plane will look. We get such a picture in Mathe-
matica by using the following code.

f[x ,y ] := ArcTan[(x + 1)/y]- ArcTan[(x - 1)/y]

€ = 10"-14;

Plot3D[Evaluate[f[x,y]], {x, -Pi, Pi}, {y, &, Pi},
PlotPoints -> 50, PlotRange -> All];

9.12 ArcSin[ArcSin[z]] Picture

Predict how a 3D picture of Im(sin_1 (sin_1 (x+1iy))) over the real x,y-plane will look. We get such a picture in Mathematica
by using the following code.

Plot3D[Im[ArcSin[ArcSin[x + I y]11, {x, -3, 3}, {y, -3, 3}, PlotPoints -> 40];

10."2 Singularities of tanh(sinh(cot(2))), exp(In'* (2)) Properties

a) At which points z does the function w(z) = tanh(sinh(cot(z))) have singularities? What kind of singularities?
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b) Describe the branch cuts of the function f(z) = arg(exp(lni”(z))) over the complex z-plane. Express arg(f(z)) in an explicit
real way as a function of |z| and arg(z) and give a qualitative description of arg(f(z)) over the complex z-plane.
11."' Exp[-1/Im[1/(-Log[Infinity] + 2)"2]]

Predict the result of evaluating Exp[-1/Im[1/ (-Log[Infinity] + 2)"2]].

12." Predict the Result

Predict the results of

N[(1 - 10"-21) Exp[I 2], 22]"Infinity
and

N[(1 - 10"-23) Exp[I 2], 22]"Infinity.

13.1" tan(k /@) + tan(a k) Picture

The following input defines a function tanPicture that displays the set of points ({k, tan(k @) + tan(k/a)} for
k=1, ..., 20000. Find different real values of @ such that tanPicture[a] looks “qualitatively different”.

tanPicture[a_] :=

ListPlot[Table[Tan[a k] + Tan[l/a k], {k, 20000}],
PlotStyle -> {PointSize[0.001]}, PlotRange -> {-2, 2},
Frame -> True, Axes -> False, FrameTicks -> None]

CHAPTER 3

1." Predictions

What will be the results of the following Mathematica inputs?
a)#°2&[1/#°3&[2]]

Function[#, #"2][x]

Function[Slot, Slot"2][x]

Function[Slot, #"2&[Slot]]1[5]

b) sin[##]1&[1, 2]
#[[L111[#[[0]11]1&[C[Print]]
fun[SlotSequence[l + 1]1]1&[1, 2]
(Slot[Slot[1]1])&[1]
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¢) fg[x _Integer] := {x, Integer}
fg[x Times] := {x, Times}
fg[x_Rational] := {x, Rational}
fg[x Divide] := {x, Divide}
fg[x_ ] := {x, arbitrary};
{fgl[31,
fg[Unevaluated[3/1]],
fg[Unevaluated[3]],
fg[Divide[3, 1]1,
fg[Unevaluated[Divide[3, 1]]1,
fg[Unevaluated[Rational[3, 11]]1}

d)fix x] == x[[1]]
fIx[3]]
fix[x]]
fx]
Clear[f];
f[Head_ ] := Head[Head]
f[Sin[Cos]]

e) f[Symbol Symbol] := Symbol
f[Sin]

f) f[Integer ] := Integer
£[3]
f[x]

g)clock[Print[4]; #]&[Print[3]; #1&[Print[2]; #]&[Print[1l]; #]&[hand]

h) #1&[ ]
#2&[0]
#0&[ ]
##&[ ]
#H#0&[ ]
##H#&[2, 3, 4]
xa&b&c&[d]
(#&)&[2]1[3]
(((#&)&)&)[11[2][3]

i) Evaluate[D[#, x]]&

j) f[x_Pattern] := x"2
f[x_Integer] = f[x Integer]
f[31]

k) f[x_] := Evaluate[Expand[x]]
fl(x + y)"3]

D2 // ((1 ~ #1 + #2& ~ #1)& Q@ #1)&
m)a = x_ y; fl[a] := x"2; f[a]

mN[I[1]] N[1[1]]
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o) f[x Blank] := x"2;
flx_y[x]] := x"-2;
flx (_y)] :=x
f[Pattern[x, Blank[Blank[y]]]] := x"-1

fr_1 + flylz]] + fly[z]l[x]] + f[_head] +
f[Blank[y]] + f[Blank[y][1l]] + f[2 y[5]]

p) Flat[Flat[Flat, Flat]]

qQ Vv := (Remove[a]; 1l); a = 2;
v + a
Removela, V];
v := (Removel[al]; 1l); a = 2;
a+ v
r) Function[x, x] - Function[y, VY]

Function[Function, #"2&][Depth]

s)f[x ] := (f[Evaluate[Pattern[y, Blank[Head[x]]]]] := y + Head[x]; £f[x"2])
f[2]

) f[x_1[y_]1 := £[yl[x]
frijrz2i

u) Function[functionBody, Function[s, functionBody][3]]1[1l1l s + 111 s"11]

Function[ {functionArg, functionBody}, Function[functionArg,
functionBody][3]]1[s, 11 s + 111 s"11]

v) Function[f, (# f£)&[3]1][#]
wW# & & & & & & [1]1[2]1[31[41[5]1[6]

X) noGo[x_] := (x = 11)
myNewVar = 1; noGo[Unevaluated[myNewVar]]

Remove[noGo]
SetAttributes[noGo, HoldFirst]
noGo[x_ ] := (x = 11)

myNewVar = 1; noGo[myNewVar]

myNewVar 1; noGo[Unevaluated[myNewVar] ]

myNewVar 1; noGo[Evaluate[myNewVar]]

y) Function[c, Slot[c] SlotSequence[c]&[l, 2, 3], Listable][{l, 2, 3}]

Function[Slot, Slot[1]]&[C][1][1] - Function[Slot, Slot[1l]][C]

7)Slot[1/2 + 1/21&[1l, 2]

k = 1; k= 2; (#1 - #k) + (#2 - #)
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2.'2 (a+ b)>™', Laguerre Polynomials

2n+1

a) Expressions of the form (a + b) can be written in the following way, at least for the odd powers given here:

@+b)} =d +b>+3aba+b)(@ +ab+b>)
@+b) =d +b°+5ab@+b)(@ +ab+b>)

(@+b) =d +b +7abla+b) (@ +ab+b),

Program a function that tries to write expressions of the form (var; + var,)“ in this way, and determine whether this can be
done for (a + b)9, (a+ b)“, ..., etc.

b) Use the symbolic formula [46%], [45%]

-n" 0 0 0

@) — -, — |

LY@ = —enl-gr g tag):

to derive explicit forms of the first few (n =0, 1, ..., 5) Laguerre polynomials L% (z).

3 L [Pfy) dy

dax

Given a function of the form f[x_] := notAnalyticallylntegrable, examine the results of D[ Integrate[f[x], x],
x] and D[ Integrate[f[a x], a x], a x].How must D and/or Integrate be modified to get the desired results
in the second case?

4.'' pattern[name, _]

a) 3[Pattern[2, _]] = 272;
2?23
{®[2]1, ®[3], ¢[Pattern[2, _]]}

b) @[Pattern[I, _]] = I"2;
2?29

{e[2], 2[I]}

¢) @[Pattern[I, _]] := I"2;
2?29

{e[2], 2[I]}

d) @[Pattern[a[2], _]] := a[2]"2;
2?23

{®[2], @[Pattern[a[2], _11}

d) FullForm[_ [ 1]

5.1 Puzzles

What could the input In[ 1] be to get the following two sets of inputs and outputs?

a)
mel:= b[c]
ou21= b[c]

© 2004 Springer-Verlag New York, Inc.



THE MATHEMATICA GUIDEBOOKS to PROGRAMMING —GRAPHICS—NUMERICS—SYMBOLICS 9

m3:= Head[b[c]]
oups= d

b)

m2)= Removel[f, x]
mp1= £[x_] = x"2
me= £[2]

oud]= 16

¢) Find a Mathematica expression expression for which expression[ [1, 1]] and expression[ [1]]1[[1]] are different.

d) Given the definition f[x_Real] := x"2, can one give any argument arg that is not a real number, such that f[arg]
evaluates to its square?

e) What will the result of this input be?
FixedPoint[Head, arbitraryExpression]
f) What will the results of the following three inputs be?
Function[{s}, OIOI[s]][Unevaluated[kx]]
Function[{s}, OIOI[s]][Unevaluated[Unevaluated[x]]]
Function[{s}, OIOI[s]][Unevaluated[Unevaluated[Unevaluated[kx]]]]
g) What will be the result of the following input?
DirectedInfinity[Infinity[[1]]]

h) What could have been the input In[ 1] to get the following inputs and outputs?

mer= a*~2

oupl= b

m3]:= Clear[a]
ouf3]= a

mi4]:= Remove[al]

Outl4]= a
i) Predict the result of the following input.
£L_1 = (£[_] == #0[# + 1]; # + 1)&[1]

ELECELE[£[2]]]]]

6.2 Different Patterns

For the following function definitions, find realizations for which the corresponding pattern matches.

a)f[x , a[b_, c_1_1 f[x, a, b, c]

b)f[x_l a_[b_, c_]1 frx, a, b, ci
¢ofla_ b c ] :=f[a, b, c]

df[_ ] :=+¢
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7.1 Plot [ numberFunction]
Define a function f(x) that gives 3 for integer arguments, 2 for rational arguments, and 1 for real arguments. Try to plot this
function using Plot[£f[x], {x, -3, 3}]. What can one conclude from this attempt to make a P1ot?

8."' Tower of Powers
What is the limit value of the following power tower?

VI
)( )

va)"

Calculate numerical values for the first few iterations.

9.1" Cayley Multiplication

Implement the (associative) Cayley multiplication C7 (short for Caley7 imes). This operation is binary with the following
multiplication table.

a b ¢ e

®* & 8
SRS IR
S Q0
a a8 Q8 ¢
Qo S Q

Find the following result.

crla, b, ¢, a, ¢, e, a, ¢, b, b, ¢, a, e, a, ¢, ¢, a, b, a, c,
a, ¢, a, ¢, b, b, a, a, e, ¢, b, b, a, a, ¢, e, e, e, a, a,
b, b, b, a, b, ¢, b, ¢, a, a, ¢, ¢, ¢, b, a, a, e, e, c]

How often are the various multiplication rules applied?

CHAPTER 4

1.1 Explain the Errors

Why do the following inputs generate messages?

a)a + b =5
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1

b)a = 3; a[x_] = x
© (3 +5)[[1]]
dfix ] = x_
e) expression = TreeForm[6 + u”(Sin[r + 78 z"z])]; expression[[2]]
f)x = With[{x = x}, x"12]

g) Set[##]1&[1, 2]

h) £1171(011, [11)

i)Remove[£f]; f[x_] := (f[y_]1 = £lyl); £[1]
j)Remove[f]; f[x ] := x[f[x[f]]]; Short[f[1l], 12]
k) Remove[f]; f[x_] := (fly_] = £[x]1[y]l); £[1]

I) Length[Sin[1l, 2, 3, 4]]

m) headOnly = alb2c3[1][2][3]; headOnly[[2]]

n) (#2. + #l.)&[1, 2]

o)Remove[f]; f[x ] = Function[x, x"2]; f[1]

p) Remove[x, f1, £2]; x /: £1 [ , £2 [x], _] := f1 £2 x
q) Remove[pl; p = 1; p /: Hold[p] = 0; 1/Hold[p]
r)mySet = Set; myVar = 1; #1[#2, #3]&[mySet, myVar, 2]
s) Module[{Slot}, (#1"2&[31)[[1, 111101211

t) (f1[x_]1 = Block[{x = x}, x"2];
f2[x ] := Block[{x = x}, x"2];

{f1r2], f2[2]})

u) Function[a, Block[{a}, a], {Holdall}] @
(Function[a, Function[a, a + al]l[x][[1]1])

v) Function[Slot[Slot[1]]]1[2]

Block[{v = 1}, Slot[v]&[Pi][[1]] - (Evaluate[Slot[v]]&[Pi])]

w) Module[Evaluate[{a = 1}], a"2]

Module[Unevaluated[Unevaluated[{a = 1}]], a"2]

2" unevaluated and Evaluate

a) The standard procedure for the computation of a Mathematica expression is altered for expressions containing an Unevalu

ated. Examine the following, and draw some conclusions.
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Plus[Unevaluated[1l], Unevaluated[2]]
plus[Unevaluated[1l], Unevaluated[2]].

b) Explain the result of Nest[Set[Evaluate[Unique[x]], #1&, 1, 4]. What happens in this construction
without the Evaluate?

3. alias|]

Using Information, ?, or ?? we can get some information on Mathematica commands. Alias[ ] provides an overview
of those Mathematica commands for which an abbreviation exists. Examine them.

4. Built-in builtinCommand| ]

Examine how built-in commands react to the wrong number of arguments, for example, to none at all.

5.1" Explain the Problem, Puzzle

a) The following simple implementation of an alternative to the function plus for adding two integers has problems with
plus[m[3], m[4]].Use Trace to see what happens.

Remove[plus];

SetAttributes[plus, {Flat, Orderless}]
plus(m[i_], m[]j_]] := plus[m[i + 1], m[] - 1]]
plus[m[i_], m[0]] = m[i];

b) Find an expression expr that has zero length (meaning Length[expr] gives 0), small depth (meaning Depth[expr] is
less or equal to 2) and is big (meaning ByteCount [expr] is = 10°). (Don't use any tricks like unprotecting Length and/or
Depth and/or ByteCount.)

6..' Predictions
a) Predict the result of the following inputs.
globalvar = True;
f[x Symbol, n_Integer] :=
Module[ {sum = 0}, globalVar = False;
CheckAbort[Do[sum = sum + If[globalvar, 0, x[i]],
{i, n}]; globalvar = True; sum,

Print[Length[sum]];
globalvVar = True; Abort[]]]

b) Does the following input evaluate to 0?

Module[{x = &}, Function[x, x] - Function[x + 0, x] +
Function[x, X + 0] - Function[Evaluate[x], x]]

¢) Will the following input issue messages? If yes, what kind of messages are to be expected?
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Block[ {Message, C, Do},
c[sinf1, 1j, 0/0, 070, Dolk, {k, I, 2I}1]1]

d) Predict the results of the following two inputs.

Table[&[11[1], {£[11[1], 3, 4}, {&[1l]1, 1, 2}]

Table[&[11[11, {&111, 1, 2}, {&[11[11, 3, 4}]
e) Predict the result of the following inputs.

f[SetAttributes[f, HoldAll], 1 + 1]

CompoundExpression[SetAttributes[g, HoldAll], g][l + 1]
f) Predict the result of the following input.

Exp[2 I Pi] - (Exp := 2)/(I := Pi)

g) Will the following two inputs give the same result?

Sum[1l/((k + 1/2)"2 + 1), {k, -Infinity, Infinity}]
Sum[1/(k*2 + 1), {k, -Infinity + 1/2, Infinity + 1/2}]

7.'2 Contexts

Predict the result of the following inputs.
a)

BeginPackage[ "questionl™ "]

fl::usage = " ... is the question here ...
Begin[ " Private™ "]

fl[x String] := (ToExpression[x]; xAxl + xAx2)
End][ ]

EndPackage][ ]

"

fl["xAx1l = 1; xAx2 = 2; "]

fl["questionl Private xAxl = 1;
questionl Private  xAx2

I
N
~

—

b)

BeginPackage[ "question2™ "]

f2::usage = " ... is also the question here ...
Begin[ " Private™ "]

f2[x String] := Module[{xl = x, x2}, ToExpression[x]; x1 + x2]
End][ ]

EndPackage][ ]

£2["x1 = 1; x2 = 2; "]

¢)
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BeginPackage[ "question3™ "]

f3::usage = " ... is still the question here ...
Begin[ " Private™ "]

f3[x_String] := Module[{x = x}, ToExpression[x]; x]
End][ ]

EndPackage][ ]

£3["x"]
d)

xa = 5; xb = 6;
f4[x String] := (Begin["context4™ "]; ToExpression[x];

Print[ToExpression["xa + xb"]]; End[]; )

fa[("xa = 1; xb = 2"];

f4["contextd xa 1; contextd xb = 2"];

fa["xa = 11; xb

e)

A f[x Real] := x

22"7;

B f[x Integer] := x"2
$ContextPath = {"Global™", "System™ ", "A™", "B "};

£f[2] // N

8.1 2 + I versuscComplex[2, I]

What happens to the input of 2 + I as compared with the input Complex[2, 1]?

9.1 Local Values in Block

Block allows local values of variables. Which values (downvalues, ownvalues, ...) are local? When attributes are set inside
a Block for a local variable, are they local too? What will be the result of evaluating (a = 1; Block[{a},

Removel[a]]l; a)?

10.'2 Remove[f]
What will be the result of the following inputs?
a) (Remove[£f]; f[x ] :=x + 1; £[1] + £[1, 1])

b) Remove[ f]
flx ] :=x +1
f[1] + £[1, 1]
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CHAPTER 5

1."' myExpand

Write a function myExpand using Rule, which multiplies out polynomials and products.

2.'" ReplaceAll versus ReplaceRepeated
Discuss the following replacements:

replacement = {x + 1 -> px};

1+ x+1/(1 +x)+ (1 +x)"(1 + x) + f[1 + x] /. replacement
Plus[l + x, 1/(1 + x), (1 + x)"(1 + x), f[1 + x]] /. replacement
1+ x+1/(1 +x)+ (1 +x)"(1 +x) + f[1 + x] //. replacement

plus[l + x, 1/(1 + x), (1 + x)"(1 + x), f[1 + x]] /. replacement

Here, the function plus should have the same attributes as the function P1lus.

3.1' All Other Patterns withs, t, _, _, :

Examine all of the ways of creating a syntactically correct Mathematica expression froms, t, , ,ors, t, _, _,

: using at most two blanks. From the 1440 possible combinations, about two-thirds as many syntactically correct expressions
exists, which reduce to about 8% different ones. An implementation of a program producing them is given in the solution (its
operation will become clear after the discussion in Chapter 6).
4."' cos(x)" - f(sin(x))
Consider the following sum:
cos (x)2 + Ccos (x)4 + Ccos (x)6 + cos (x)8 + Ccos (x)10 + Ccos (x)12 + Ccos (x)14 + cos (x)16

Express this sum using only sin (x)°. Use a rule-based approach.

51 a[a]
Examine the results of the following Mathematica inputs, and explain what happens.

a)Clear[a]; a = a
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b)Clear[a]; a := a; a

¢)Clear[a]; af[a_] = a; al[a]

d) Clear[a]; af[a_] := a; alal
e)Clear[a]; a = a == a; a

f)Clear[a]; a := a == a; a

g)Clear[a]; a := a == a; Unevaluated[a]

h) Clear[a]; a := a a; Hold[a]

i)Clear[a]; a := Unevaluated[a] Unevaluated[a]; a

j)Clear[a]; a := Unevaluated[a] a; a

k) Remove[a, X, y, 2z, Aah]
a/: b[x _][a] := Null /; (Clear[a]; b[y ][allz_] = Aah[y, z]; False)
blal[a][a]

6."! Extended Equal

Modify the built-in function Equal so that equations can be added, multiplied, and raised to given powers. In addition, make
it possible to add something to both sides or multiply both sides of an equation by a constant.

7.12 Weights for Finite Differences

Finite difference methods [79%] of higher order provide an important alternative to the finite element method. To use them,
we need corresponding weights. For the one-dimensional case, the following recurrence formulas hold for the weights cff ; of
the nodes x; (j =0, 1, ..., n) in the approximation of a kth derivative with a total of i + 1 nodes. Here, x, is the point at which
the derivative is to be approximated:

i+1

N~ > e

=0
1 _ . .

cij = (i el —ke) s J=0,1 =1

Xi —.)Cj

wi—2(xi-1)

k i i k-1 k

¢y =———— (ki —Xie1 € 1)

w;-1(x;)

W =] e-x)
j=0

(The order of the other nodes x; is arbitrary.)

Find the associated initial conditions for these recurrence formulas, and implement the computation of the cff ;- (For the
derivation of these recurrence formulas, see [70%], [71%], [101%], [72%], [102%], [S1%x], [98%], [106%], and [62x].)

Use this finite difference approximation to calculate reliable values for the first 20 derivatives of Z (1/2). Here, Z (s) is
Z(s) =s(s—1DaPT(s/2)L(s)/2 [89%], [56%], [93%] and fulfills the functional equation Z(s) = Z(l — 5). In the last equation,
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I'(s) is the Gamma function (in Mathematica Gamma [s]) and {(s) is the Riemann Zeta function (in Mathematica Zeta[s]).
What is remarkable about these derivatives?

8.53 Operator Product, g-, h-Binomial Theorem, Ordered Derivative

a) Define a function operatorProduct describing the noncommutative, associative multiplication of operators. Suppose
the operators are given in the form o[ operatorIndex]. All quantities that do not depend on the operators (numbers, constants,
variables) should be factored out (before computing the operator product). Implement the additivity and associativity and a

way to multiply out positive integer powers of sums of operators. If the reader has an appropriate application of such operator
products, implement it also.

. . . N n
b) The famous binomial theorem (x + y)" = kz(; ( A
y. In the case of xy = gyx (g € C) [77%], [55%], the binomial theorem becomes the g-binomial theorem [100%], [68%],
[50%], [99%], [80%], [82%], [S4%], [96%], [88%], [48%], [103%], [60%]

(x+y)' = Z[Z} Y
q

) y* x"7* has two very interesting generalizations for noncommuting x and

k=0

[n} _ (q; 9),
k y @CD(G D,
n—1

(a; q9), =1_[(1—aqk),aeC,neN.

k=0
How often do the transformation rules in the transformation of (x + y)'° to expanded form get applied?

In the case of xy = yx+hy? (h € C), the generalization of the binomial theorem is the ~-binomial theorem [52%], [75%]

(x+y) =Zn1[2]hk(%)kykxn—k

k=0

n—1
@,=]]@+b,aec nen.

k=0

For 1 < n < 8, verify explicitly the g-binomial theorem and the h-binomial theorem by straightforward calculation.
(For the g-h-binomial theorem, see [S3%], and for other generalizations, see [91%].)

The g-binomial coefficients [Z]q appear, for instance, when g-differentiating g-functions. If 4SO g the g-derivative of a
q

d, x
function f(x) defined by [81%], [67%], [78%], [66%], [S7*], [83%]

d, f0) )= fqx)
dy x  (d-¢x

the nth

(this derivative can be interpreted as a discrete derivative approximation after a change of variables [65%]) and

& f)
dq
dg fO) _ dy f)

X

g-derivative ( L = d )
dy! f(x)
d:; f(-x) _ dq aqlq 1
dy x" B dy x
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then the following two identities hold:

dy f() g(x) ZH dit (g ) d g(x)

d, x" k d, xn—k d, xk
q — q q q

dy f(x) _ 1 " ] —-Dr2-(n-k) k
dgx (1= »" Z(_” [qu fed)
k=0

Check these two identities for 0 < n < 10.

¢) In [94%] an “ordered derivative” of an operator product %,, %,, ... X, With respect to a sequence of corresponding classical
symbol xg, ...x, has been defined. The %, are assumed to be noncommuting and the x, to be commuting. The “ordered
derivative” ¢ operatorProduct | 6 classicalSymbols is defined in the following way:

N {lifazﬁ

0xp Oelse
0% 77 0k
5C x50 L15x,
8 (e, X)) ~ m 0 Ray = Xay) 0 Rapyy o Ra,)
6(xﬁl -..Xﬁm) = 6()([;1 ...xﬁk) 6(xﬁk+1 ...xﬁm)

where [ in the last definition is an arbitrary integer between 1 and n — 1 (the results of the “ordered derivative” does not
depend on /). Implement a function that carries out the “ordered derivative”.

The f in the “ordered derivative” of

6(55111 "'j\Cnn)

————— =1 productOfThex s
0 (xg, =+ xp,,)

(productOfThex is proportional to the “ordinary derivative” 0(xq, -+ Xq,)/0 (xg, -+~ x,) With all products of the same
symbol collapsed) counts how many possibilities exist to delete the string of xg, --- xg, from the string x,, -+ Xo, . (The xp,
must appear in order, but not contiguously in x,, --* X4, .) Check this statement for

AAAAAAAAAAAAAAAA

0 (x1 X2 X3 X4 X5 X6 X7 X3 X9)

d) Let A(7) be a parametrized, nonsingular n X n matrix. Using 6(A(t).A(t)(_1) —1)/0t =0 (0 being the n-dimensional matrix
with all elements being O and 1 being the n-dimensional identity matrix) can derive the expression
6A(t)(_1) /0t = —A(t)(_l)‘ (0A()/ 6t).A(t)(_1) for the derivative of the inverse matrix A(t)(_l) (here differentiation with respect
to ¢ is understood componentwise). Calculate the explicit form of &° (A(t)(_l))5 / dr>. Simplify the result when all occurring
matrices commute. Count how often the needed definitions are applied during the calculation.

9.'2 patterns and Replacements
Program solutions to the following problems; base the programs on pattern matching and the use of replacement rules.

a) Given a list of elements (some of which may appear more than once), construct a list containing all (different) permutations
of the elements.
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b) Given a list of the form {integer, nZeros}, for example, {23, 0, 0, 0, 0, 0}, construct all lists of integers
n+l

a; (i=1, ...,n+1) (ie., of the same length as the original list) with >} a; = integer (i.e., which have the same sum as the
original list). Put the g; in increasing order: a@; < a;,, i=1, ..., n—1).

¢) Given lists of the form {0, ..., 0, number,, 0, ...0, number,, ..., number,, 0, ...0} and
{newNumber, ..., newNumber,}, construct a new list from the first list by replacing number; by newNumber; (i =1, n)

{ai, az, ..., ay_1, a,}. (This problem was proposed by R. Gaylord.).
d) Given a list of positive integers, construct a list containing all pairs of numbers with no common factor.

e) Given a list of positive integers in decreasing order, construct the Ferrer conjugate of this list. The Ferrer conjugate is
defined in the following way [104x%], [61%], [73%], and [49%]: Associate with the list {n;, n,, ..., n;} an array of dots;
np in the first row, n, in the second, and so on. Then, the list of the lengths of the columns, starting from the left, is the Ferrer
conjugate. An example: the Ferrer conjugate of {5, 3, 2, 1}is{4, 3, 2, 1, 1} ascanbeseenby

10.1" Hermite Polynomials, Peakons
a) The Hermite polynomials H, (x) satisfy the following identity: x H,,(x) = H,,;(x)/2+nH,_(x),n € N.

Program the repeated use of this identity in terms of the form x™ H, (x) to write them as linear combinations of the Hermite
polynomials without x-dependent prefactors. Make the program work for user-defined objects H[n, z]. (Do not modify the
built-in function HermiteH.)

b) Show that ¥(x, 1) = c exp(—|x — c t|) is a solution of the nonlinear Camasso—Holm partial differential equation [58%], [S9%],
[85%], [86%], [T6%], [69%], [84%], [74%], [63%], [47%], [64%], [87x]

W, 1) P yx, 1
ot 0x3

M(x, 1) ) oY(x, 1) P Y(x, 1) . PyYx, t) P yY(x, 1)
dx

Ox 0x2 0x2 0t MRS '

+3(x, 1) o

1Y fx ] = .
What outputs correspond to the following inputs?

a)f[x ] :=x+1

]
fr1i1, 2, 3]
b)f{x ] :=x -1
]
fr1i1, 2, 3]
¢of[x ] := Subtract[x, 1]
]
fr1i1, 2, 3]

d) £ /: HoldPattern[HoldPattern[Verbatim[HoldPattern[f]]]] := 4
HoldPattern[f]
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12.'! Result and Error Messages
Predict the output and warning/ messages generated when evaluating the following:

{1, 2} /7. {{x_l Y_} > ({x, Unique[C]: v} /;
(Head[{x}[[-1]]] =!= Symbol &&
Head[{y}[[ 1]]] =!= Symbol))}

13."' Patterns
a) Construct at least five different patterns that match integers greater than 1 and less than 9.

b) To obtain the result {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11}, identify which arguments must be given to £,
defined by

f[Condition[Condition , Condition; True],
Optional[Blank , Optional],
Pattern[Pattern, Blank[Integer]],
Four: (4 | 4.),
PatternTest[Pattern[PatternTest, Blank[]], PatternTest; True&],
Alternatives:Alternatives[Alternatives, 6],

Flat_Flat,
Stub:Blank[Orderless[Oneldentity]],
HoldPattern HoldPattern? (# === #&),

HoldPattern[Set[3, 4]]] :=
{Condition, Blank, Pattern, Four, PatternTest,
Alternatives, Flat[[1]], Stub[[1]], 9, HoldPattern[[1l]1]1}

¢) What are the results of the following inputs?

Remove[a]
SetAttributes[a, HoldAll]
f:al[a_] := Function[#, Hold[#], {HoldAll}][f]&[Unique[a]]

{a[a], a[b]l, a[2a], a[a + a]}

Remove[a]
SetAttributes[a, HoldAll]
f:al[a_] := Function[#, Hold[#], {HoldAll}][f]&[Unique["a"]]

{ala], a[b], a[2a], a[a + al}
d) What are the results of the following inputs?

SetAttributes[AtomQ, HoldAll]
{AtomQ[1/2], AtomQ[1l + I]}

e) What is the result of the following input?

© 2004 Springer-Verlag New York, Inc.



THE MATHEMATICA GUIDEBOOKS to PROGRAMMING —GRAPHICS—NUMERICS—SYMBOLICS 21

blank[Pattern[Blank, Blank[Blank]]] = Blank

blank[Blank[Blank]]

f) Predict the results and side effects of the following three inputs.

£f1[x0 ] := Block[{x = x0}, Print[Cl]; x = x + 1; Print[C2] /; Positive[x]]
£1[-2]
f2[x0_] := Block[{x = x0}, ToExpression|
"Print[Cl]; x = x + 1; Print[C2] /; Positive[x]"]]
£2[-2]
f3[x0_] := Block[{x = x0}, (Print[Cl]; x = x + 1;
condition[Print[C2], Positive[x]]) /.
condition -> Condition]
£f3[-2]

14."" Replacements

Explain what happens when evaluating the following expressions.:
a){1, 2, 3, 4, 5y //. {a_, b, c_, d } o>
If{b > 2, {b, ¢, d}, {a, b, ¢, d}]

b){1, 2, 3, 4, 5} //. {a__, b, c,d__} >
Iffb > 2, {b, ¢, d}, {a, b, c, d}]

{1, 2, 3, 4,5} //. {a_, b ,c,d__} :>{b, c,d} /; b>2

d{1, 2, 3, 4,5y //. {a__, b ,c,d_}:>{b, c,d} /; b>2

e {1, 2, 3, 4,5y //. ({a_, b, c ,d_ }y/; b>2) :>{b, c, d}/; b > 2)

H{1, 2, 3, 4, 5} //. (({a__, b_, c_, d__} /; b>2) > {b, ¢, d}/; b > 2)

15.1" Puzzles

a) What might have been the w1 in the following example?

In[2]:= Q@

oupl= True

mp3:= And[a, a]

oupl= False

Give at least three different possibilities for m(11. Find some solutions that do not involve unprotecting built-in functions.

b) Predict the result of the following input:

(Im[3 I] == 0) // Function[{x}, Block[{I}, x], {HoldAll}]
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¢) Predict the result of the following input:
Hold[With[{z = Abort[]}, 2"2]] /. z_?0Quit :> Quit[]
d) Have a look at:
Oon[]; 2/3 === Unevaluated[2/3]
We see there the line:
2 2
SameQ::trace: - === - --> False.
3 3
Explain this “surprising” printout!
e) For which built-in symbols builtInSymbol does builtInSymbol == builtInSymbol not yield True? Why?

f) What will be the result of the following input?

(X[_2(#
X[_?2(#

_?#0&), C_ /; MatchQ[C, _ /; MatchQ[C, _]]1] := Y;
_?#0&), C_ /; MatchQ[C, _ /; MatchQ[C, _111)

g) For many cases IntegerQ[x] will return True or False. Find three different values for x such that something else is
returned.

h) Evaluating £[a, b] after making the function definition

SetAttributes[f, {Flat, OnelIdentity}]

fre_1 == ¢
leads to iteration errors. How can one change the definition £[ £ ] := & to prevent this problem?

i) Let g, A, and i in the following be all possible combinations of HoldPattern and Verbatim. For which of the eight
possible combinations of g, &, and i does the input

flglhllx_11 := x; £f[i[1]]
return 1?
j) After defining £ by
With[{a = x}, HoldPattern[f[y , g[y_]1 = ¥y 2]] := a]
find arguments, such that the definition for £ will be used.
k) Predict the result of the following input.
Block[ {Function}, (#&[2]) /. Function -> Print]
1) Predict the side effects of evaluating the following:

SetAttributes[{M, TagUnset, ToString}, HoldAllComplete]

Mle_] := (e /: HoldPattern[e:/ [ , e, 11 :=
(Print["Found: ", 4, " ", HoldForm[e]];

© 2004 Springer-Verlag New York, Inc.



THE MATHEMATICA GUIDEBOOKS to PROGRAMMING —GRAPHICS—NUMERICS—SYMBOLICS 23

ToExpression[# <> " /: HoldPattern[e:n [, " <>
# <> ", 1] =."1&[ToString[e]l];
Mlh, el €))

M[h_, e ] = (h /: HoldPatternfe:/ [, e, 1] :=
(Print["Found: ", HoldForm[e]];
TagUnset @@ {4, UpValues[hl[[1l, 1, 111}; M[?, el; ¢€))

MIX];
all, Blyl, a[blc[2, d[f[x], 1]1]]]

m) A bivariate function f(x, y) can be written in separated form f(x, y) = ¢(x) #(y) in a neighborhood of a point {xg, yo} if
f(xo0, yo) # 0 and [97x%], [90%], [105%], [95%], [92x%]

Pfay) _0fxy) 0f(x.y)

fx» 0x0y O0x 0y

What is “wrong” with the following function separableVariablesQ that checks if a function f of the two variables x
and y can be written in separated form?

separableVariablesQ[f , {x , y }, {x0_, y0_}] :=
(Simplify[f /. {x -> x0, y =-> y0}] =!= 0) &&
Simplify[f D[f, x, y] - D[f, x] D[f, y]] === 0

n) Predict the result of the following input.

SetAttributes[PrimeQ, HoldAll]

PrimeQ[2 + 3 I, {GaussianIntegers -> True}]

0) What might have been the w1 in the following example? (No unprotecting of built-in symbols was involved.)

mei=-{NumericQ[%], NumberQ[%], MemberQ[%, _?InexactNumberQ],
StringLength[StringDrop[ToString|[
DownValues[In][[S$Line - 1]1]], 22]],
Context /@ Cases[%, _Symbol, {-1}, Heads -> True]}
oupl= {True, False, True, 9, {System  }}

p) Construct an example of expressions a and b such that FreeQ[a, b] yields False and Position[a, b] yields {}.

16."' Evaluation Sequence
Discuss the evaluation sequence in the following four examples:

(f[x_1 :=qg) /; ¢
(f[x_1 /; c) =g
(f[x_]1 :=g /; c)

(f[x_ /; c] = g)
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17.1! Nested Scoping

Predict the results of the following inputs.

a)Clear[f]; f[x_] := Function[x, x]; f[y]

b)With[{x = 2z},Function[x, x]]

¢) Function[x, x] /. X => z

d) Clear[f]; Function[x, f[x_ ] := x"2][y]; DownValues[f]
e)Clear[f]; With[{x = y}, f[x_] := x"2]; DownValues[f]
f) Function[y, Function[x, x + y1][x]

g)Clear[f]; f[y_] := Function[x, x + y]; f[x]

h) Clear[f];
Module[{x, y, z = a}, f[x, y_, z] := Function[x, x +y + z]];
DownValues|[f]

i)Clear[£f];
With[{z = a},
Module[{x, vy}, f[x, y_, z] := Function[x, x +y + z]]1];
DownValues|[f]

18."" Why {b,b}?

Explain why it might be possible to get the following behavior. (For reproducing this behavior, the reader might have to redo
the Table[a, {10000}] // Union line a few times until one get the result shown here.)

mi= a := b /; EvenQ[Last[Date[]]]

m2= Table[a, {10000}] // Union
ouz= {b, b}

© 2004 Springer-Verlag New York, Inc.



THE MATHEMATICA GUIDEBOOKS to PROGRAMMING —GRAPHICS—NUMERICS—SYMBOLICS 25

CHAPTER 6

1.2 Benford’s Rule

Given a long list of empirical data (e.g., lengths of rivers, areas of deserts and seas, addresses, bank account balances, physi-
cal data, chemical data), check whether this data satisfies Benford’s rule: The probability distribution of the appearance of the
digit i (1 =i <9) in the first place in a data entry is log,,(1 + 1/i), where all zeros to the left of the first significant digit are
ignored. For details on Benford’s rule, see [142%], [140%], [192%], [111x%], [169%], [132%], [176%], [168%], [170%], [171x],
[121%], [125%], [156%], [120%], [119%], [123%], [141%], [146%], [151%], [172%], and [163%] and the references therein.

2." Map, Outer, Inner, and Thread versus Table and Part, lteratorless Generated Tables, Sum-free
Sets

a) Compare the computational times for Map, Outer, Inner, and Thread on reasonably-sized vectors to those for Table,
Do, and Part using analogous constructions.

b) Write a function that generates the same output as

Table[f[ii, 2y -y @l, {01, 1, ..., m}y, {2, 1, ..., m}, ..., {in, 1, ..., m}]
but which does not contain any explicit iterator variable.

¢) Given a square matrix A of dimension d with elements a; and a vector of operators f of length d with elements f;, form a
new matrix B with elements b; = fj(a;;). Write several different programs that form the matrix B, and compare their timings
for some matrices A and vectors f of different dimensions.

d) Given a set S, of positive integers {ni, ..., n,}, recursively enlarge this set by adding the smallest integer that cannot be
expressed as asumn; +n;, 1 <i, j <o [131%].

Implement the recursive enlargement first using a procedural (list-based) approach and then using a caching approach.
Compare the timing of the two approaches for the starting set of the first ten primes for 2000 recursive enlargements.

3.1 Index

Create an index for the Mathematica commands that are introduced in this book. It should consist of a list of the form {...,
{"command;" , "chapterSectionSubsection;"}, ...}. The function whereIntroduced|[command] should give the
number of the section where the command is introduced. Check that no command was misspelled when it was introduced.
Which commands were introduced twice? The list of commands can be found in the package ChapterOverview .
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4.3 Functions Used Too Early?, Check of References, Closing ] ], Line Lengths, Distribution of Initials,
Check of Spacings

a) In the preface, we stated our aim that every time a command is used in this book, it should already have been discussed.
Create a Mathematica program to check for specific examples to see how close we came to our goal. Collect all commands
that have been introduced in gray boxes in a list alreadyIntroducedCommands. The command $Pre might be useful
here.

b) This GuideBooks have many references. Check if each mentioned reference is really present and if each reference is at
least mentioned once. Which journals are the most cited? What is the number of electronic papers referenced and how did the
fraction of electronic papers change over the last years?

¢) What are the most common first letters of the initials and last names of all authors of the quoted papers and books?

d) What is the distribution of the line lengths used in the inputs of this book? How much white space (in the form of raw
space characters) is on average present in the inputs? What is the average density of code comments?

e) Brackets are very prominent in Mathematica code. Not more than two opening brackets can occur in a row, but arbitrarily
many closing brackets can occur in a row. Analyze the literal inputs of the Mathematica GuideBooks to determine how often
n closing brackets occur. If the inputs had been expressed in Full1Form, how often would 7 closing brackets occur?

f) As discussed in the Introduction, the inputs of the GuideBooks are in InputForm. To make the inputs as easy as possible
to read, care has been taken to format them properly. This includes white spaces after all commas, white spaces around
operators with relatively low binding power (such as —> or /.). Write a program that checks for violations of such spacing
rules and check all inputs from this volume of the GuideBooks.

g) If one considers language as a network and the words as vertices, one can analyze the distribution of neighbors in this
network. The natural interpretation of neighbors of a word are the preceding and postceding words. (Viewing sentences as
natural units of a language, the first word of a sentence does not have a precessor and the last word does not have a postceder
[165%].) Analyzing large amounts of sentences and graphing the resulting (binned) frequency of the number of neighbors
versus the number of neighbors in a double logarithmic plot shows two clearly different linear regimes [127%]. Analyze the
texts of the GuideBooks and see if, despite this relatively small amount of data and the nonnativeness of the author, the two
different power laws are nevertheless present.

5.1 Tube Points

Write two different programs to solve the following problem. Suppose we are given lists of the form

points = {pi1, P2y P3s w1 Pu}

radii = {ry, r, r3; w, Iy}
vecv = {Vi, V2, P3; ws Vn}
vecu = {uy, U, Uz, ey Uy}
cos = {C1s C2y C34 s Cnm}
sin = {S1, S2/ S34 ey Sm}

Here, p;, v;, u; are vectors of the form {px;,, py:, pz}, {vxi, vyi, vz}, {ux;, uy;, uz;}. The px;,... are atomic objects
(in a typical application, real numbers); the c;, s;, r; are assumed to be atomic objects.

Create a list of the following form:

Hpr +rico v + 10 51wy,
pr trp o ve t sy u,
pr t rpoc3 v ot rp oS3 U, ey
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P1 + 1w vi t Sy I/ll},
{pr + nct v + 2 51 U,
P2t vy v osy Uy,
P2t a3 vyt 1y 83 Upy ey
P2 T 1y Gy V2t Sy W}y,
{pn + rp Ccr vy * oy ST Uy,

Pn ¥ Ty Co vy 1y S2 Uy

Pn + 'n C3 Vy + Fn S3 Uny ey
Pn ¥ Ty Cu Vo F Py Sy o Un}}.

i +ric;v; +r;s; u;is alist (head List) with three elements.
J J

6.1" All Subsets

Explain the operation of the following command allSubsets [/ist], which produces all subsets of a given set /ist, includ-
ing the empty set and the set /ist itself. Here is the implementation (coming from [187x%]):

allSubsets[1l List] :=
Sort[Distribute[ {{}, {#}}& /@ Union[l], List, List, List, Union]]

Use this function definition to implement a one-liner for the sums

1K—ln

Ak Ky k) = 2 {k}n(jJ

=0 m=1

~

where K = H;zl k;j. This sum can be expressed as [181%]

ek )=l n

n k '
ki
USSR | (RN NI W | | P T
Jj=1 ok ) =0 ( i 5 voes im)

. 1
h=ime1 !

Here the outer sum runs over all nonempty subsets of the set {k;, k>, ..., k,}, and the inner product over all k; not in a given
subset. (k;, , ..., k;, ) denotes the greatest common divisor of the numbers k;, , k;, , ..., k;, . Calculate A(p1, p2, ..., pio) where
Py 1s the kth prime.

7.1' Moessner’s Process, Ducci’s Iterations

a) Write all integers in natural order. Then delete every second one, and form the following sequence of partial sums:

start sequence 1 23 45 6 7 8
delete every second element 1 3 5 7
form new partial sums 1 4 9 16

They are all squares. Now, delete every third number of the initial sequence, and form the partial sums. If we then strike every
second number and again form the partial sums, we get a sequence of cubes.

start sequence 1234 5 6 7 8 9
delete every third element 1 2 4 5 7 8
form new partial sums 1 3 7 12 19 27
delete every second element 1 7 19

form new partial sums 1 8 27
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Find a functional program for this process that first deletes every ith number and then produces j numbers. Conjecture if i = 4
and i = 5 lead to fourth and fifth powers?

b) Take four positive integers m, n, p, and g, and form four new integers |m —nl|, |[n — pl, |p —ql, and |g — m|. Iterate this
process until it converges [157%], [143%], [161 %], [147%], [118%]

8."! Triangles, Group Elements, Partitions, Stieltjes Iterations

Describe what the following pieces of code do.

a)

NestedTriangles[n_Integer?Positive] :=
(Function[{x, vy}, x.#& /@ y] @@ #)& /@
Distribute[ {Table[{{ Cos[i Pi/2], Sin[i Pi/2]},
{-Sin[i Pi/2], Cos[i Pi/21}}, {i, 0, 3}1,
Flatten[NestList[#/2&,
{{{1, 1}, {3, +1}, {1, 3}},
{{11 0}, {21 _1}1 {21 1}}}1 n]l 1]}1 LiSt]

Look at the output graphically using the following input.

Show[Graphics[Polygon /@ Triangles[6]],
AspectRatio -> Automatic, PlotRange -> All]

b)

FixedPoint[Union[Flatten[Outer[Function[C, #]& @
Simplify[#1[#2[C]]11&, #, #]11&,
{Function[C, -C], Function[C, (C + I)/(C - I)]}]

c)

PartitionsLists[n_Integer?Positive] := Drop[FixedPointList][
Complement[Union[Flatten[ReplacelList[#,
{{a ;, b, c , d } :>{a, b-1, c+1,d} /; b -c > 2,

{a ;, b, ci(d ...), e, £ } :>{a, b-1, c, e+ 1, £} /;

b-1==d===e+ 1}]& /@ #, 111, #]s,
{{n, ##}& @@ Table[0, {n - 1}1}]1, -2]

d)

Unprotect[Table];

Table[body , iters_ , Heads -> 1 List] :=

With[{d = Length[{iters}]},

Fold[Apply[First[#2], #1, {Last[#2]}]1&, Table[body, iters],
Reverse[MapIndexed[ {#1, #2[[1]] - 1l}&,
Take[Flatten[Table[1l, {d}]1]1, dl11111]

Table[body , iters_, Heads -> 1 ] := Table[body, iters, Heads -> {1}]

e)
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SA[l_List] := With[{A = Length[I]},
Module[{p = NestList[Flatten]
Outer[Join, {#}, List /@ Range[Last[#] + 1, ], 1l]& /@ #, 2]&,
List /@ Range[A], A - 1]},
FixedPointList[Function|[/,
Divide @@Q@ Partition[Append[Reverse[Apply[ (Plus[##])/Length[ {##}]&,
Apply[Times, Map[/[[##]1&, p, {-2}1, {2}1, {1}11, 11, 2, 111, 1111 /;
(Or @@ (InexactNumberQ /@ l)) && (And @@ (NumericQ /@ l))

f)

pseudoRandomTree[kStart_] :=
Module[ {r, k, y, t},

r := If[IntegerPart[Abs[Sqrt[2] Sin[Pi k Sin[k = k + 1]]]] === 0,
0, 21;

k = kStart; y[_]1 := -1;

t /: Line[{x_, y_}, t[]] :=

Table[{Line[{x, v}, {x + 1, y[x + 1] = y[x + 1] + 1}],
Line[{x + 1, y[x + 11}, t[11}, {i, r}];
tree = Line[{0, 0}, t[]];
symmetrizeRules = Dispatch[Flatten [Function[l,
(# => (# - {0, 1[[-1, 2]11/2}))& /@ 1] /@
Split[Union[DeleteCases[Level[tree, {-2}1, {}11,
#L[[1]] === #2[[1]]1&]1]];

Graphics[tree /. symmetrizeRules /. Line[l ] :> Line[{1l}],

Frame -> True]]

9.8 g6 > 266, Tt(y,, ¥, - *** ¥ ,1,, ) tanh Identity, Multidimensional Determinant

a) Implement the following identity (meaning the calculation of its right-hand side) for Levi—Civita tensors [177%] and
[115%] &, x:

=r!
rn T v ET T T T, Hror pg = T2 {6Vr+| Hr+1 6Vr+2 Hr+2 6Vn Hn }[#m ]
n

The expression {expression};

Mrs+1 - M-,

sy .| denotes the Bach bracket and means a complete antisymmetrization in the variables

Here, 0,, is the Kronecker symbol, and for all variables with double subscripts, we assume an implicit summation over 1 to
dimension.

b) Given n matrices ®47 (i, j, k = 1, ..., n) of dimensions n X n, the expression [130%]

Wy gkt ) gk b
A, A, 6“}[k1 Jea s Jonsdl

vanishes identically. Here the expression {expression} . denotes again the Bach bracket and means a complete antisym-

V7 n
metrization in the variables y; ...u,, and 6% is the Kronecker symbol. Summation from 1 to n is assumed for all doubly

occurring indices. For n = 2, 3, 4 verify this identity by explicit calculation. Is n = 5 feasible for explicit verification?

¢) In many quantum electrodynamics calculations, the trace of the product of Dirac matrices y,, u =0, 1, 2, 3 [116%] has to
be calculated. A compact formula for this trace is [188%], [189%]
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Tr(7yl Yuy.ooo. Yo )=4 Z 6pairing 1_[ My ;-

all pairings all pairs
Here, the summation extends over all permutations {u;, , i, , ..., i, } of {4, , i, , ..., y,, } such that p; <p, <---<p,,
and p;, < pliy s Hip < Hiy» o-es Miy,, < Mj,, - The symbol 6pqiring is the signature of the permutation {u;, , w4, , ..., i;,, }. The inner

product extends over all pairs {g;, u;}. All of the indices y; run conventionally from O to 3. 1, ,, is the metric tensor
n=diag{-1,1, 1, 1}.

Calculate the trace for the product of 2, 4, 6, and 8 Dirac matrices. Use the following representation of the Dirac y matrices to
check the results:

00-i0 00 0-i 00 0-1 0 0-i 0
00 0—i 00-i0 0 0+1 0 00 0+i
W=f_ijoool” | o+xiool”7| o+t 0 0o”*T|+i000]
0-i 00 + 000 100 0 0-i 00

d) The following identity holds for almost all complex z; [179%]:

n 1 . Ln/2]
1_[ tanh(z; —z;) = W E signature(o) 1_[ tanh(zo2k-1) = Zo2 b))

k=1 k=1
k<l .
The summation runs over all elements of the permutations o of {1, 2, ..., n}. Prove this identity for n = 6. (Do not use func-

tions like Simplify, Together, TrigToExp, etc., but only functions discussed so far.)

) The determinant of a (2D) n X n matrix A with elements a; ; can be written in the form
det(A) = &1,...n &k Joo,.. ky ALy A2k, -+ Anf,

where summation from 1 to n is understood for the doubly occurring variables ki, ..., k, and & 5., is fully antisymmetric.
This suggests the generalization of the determinant for an d-dimensional (dD) nXn...Xn “matrix” A, with elements
of the form [148x%], [164x%], [150%], [166%], [139%], [183%]

i iy, g

d n
Jj=1 i=1

where k{!) = m and again summation from 1 to n is understood for the doubly occurring variables. Implement a function
MultiDimensionalDet that for a given dD matrix A, of size n X n ... X n calculates this multidimensional determinant.

10."' Digits in x, Mediant Insertion, Matrix Product

a) Let /;;(r) be the sequence of number pairs {{i;, ji}, {i, j»}, ...} of the positions of the first appearance of the digit i after
the digit j in the decimal expansion of 7 [167%], where i < j; <i < j» < .... program the computation of the /;;(n).

b) Given a list [ of (reduced) rational numbers, write a function that inserts the mediant between each two numbers of the list
/. The mediant of two rational numbers p; /q; and p, /q, (where gcd(p;, q1) = gcd(pa, g2) = 1) is defined as the number

(p1 +p2)/ (g1 +q2).

¢) The constant e can be calculated through the following limit of matrix product [129%], [138%]
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an  Cp "2k 2k-1
(b,, d,,]‘ﬂ(uq 2k—2)
1. an+cn
= l1mm .
¢ n—oo b,,+d,,

(This is basically an unfolded continued fraction expansion). How large a n is needed to obtain 1000 correct digits of e?

11." d’Hondt Voting

Implement the d’Hondt’s voting method. If possible, try not to use any temporary variables. The d’Hondt’s voting method is
as follows: Suppose a parliament with a given number of seats is to be filled with representatives from several parties on the
basis of an election. Divide the number of votes received by each party by 1, 2, 3, etc. Put the resulting numbers in decreasing
order (where each number is included according to its multiplicity). Now, assign one seat to the party with the largest number,
one seat to the party with the second largest number, etc., until all seats have been assigned. If, at the end, more equal num-
bers than seats are available, choose the parties to get the seats randomly. (We discuss the generation of random numbers in
detail in the next chapter, so either do not treat this possibility at the moment or come back to this later.)

Here is an example. Suppose six seats are to be assigned and that the results of the election are: A received 8 votes, B
received 5, and C received 9 votes. We get the following table of numbers after dividing by 1, 2, 3 ...:

8 8 8 4
A8 4 = 2 2 2

3 4 5 3
g. s 3 5 555
T 2 3 4 5 6
0999993
"7 2 3 4 5 2

Then, the decreasing list (with corresponding parties) is

985943 i
2 3
CAB C AC| A

Thus, A gets two seats, C gets three, and B gets one seat. For more on the interesting mathematical aspects of elections, see
[174x%], [112%], [185%], [173%], [110%], [133%], [190%], [175%], [180%], [149%], [135%], [153%], and [184%]; for an interest-
ing nonpolitical application, see [186%]. For a nice Mathematica-based proof of the related Arrow’s theorem, see [182x].

12.2 Grouping, Unsorted Complements

a) Suppose we want to divide a given a list of real (complex) numbers into groups of numbers that are “close together”.
Program a corresponding function.

b) Given a list of real positive integers {z;, 22, ..., Z,} and a positive number €, extract all possible maximal length chains of
numbers {z;, , zi, » ---» Z;; }, J = 2, such that |z;,,, — z; | < € Do not make use of the built-in function Split.

¢) Given a list of lists with vector-valued elements. (The vectors are lists (of equal length) of real numbers.) Assume some
vectors occur possibly more than once, but the components of the vectors are slightly different (Equal would return True,
but the last digits might be different). Write an efficient VectorUnion function that unions the list of vectors. Why is it
possible to implement a function more efficient than the built-in Union?

d) Write a function UnSortedComplement[/;, I ], that forms the complement of /; with respect to the list [, and does
not reorder the list /; and takes the multiplicity in the list /, into account when removing elements from /;.
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13.11 All Arithmetic Expressions

Given a list of numbers (atoms) and a list of binary operations, use the numbers and the operations to form all syntactically
correct nested expressions. The order of the numbers should not be changed, and only the binary operations and parentheses
() should be inserted between the numbers [126x%].

14."' Symbols with Values, SetDelayed Assignments, Counting Integers
a) Identify which values will be collected in the following list 11i:

name = DeleteCases[Names["*"], "names"];
1i = {};

Do[Clear[f];
f[Evaluate[ToExpression[names[[i]] <> " _"]]] =
ToExpression[names[[1]]]1"2;
If[f[3] =!= 9, AppendTo[li, {names[[i]], ToExpression[names[[i]]]1}11,
{i, 1, Length[names]}];

1i
b) Identify which built-in functions will be returned from the following code:

Cases|[{#, ToExpression[StringJoin["f[x ] :=" <> # <> "[x]"]];
StringPosition[ToString[FullForm[DownValues[£f]]], #]}& /@
Names|["System™*"], { , {}}]
¢) Given the following list of numbers
Do[data[n] = Table[IntegerPart[k Sin[k]], {k, 10"°n}], {n, 4}].

Use various implementations to count how often each integer appears in data[n].

15."' sort[list, strangeFunction]

Examine whether Sort generates error messages for nontransitive, asymmetric order relations.

16.53 Bracket-Aligned Formatting, Fortran Real*8, Method Option, Level functions,
Conversion to StandardForm inputs

a) Write a function that formats a Mathematica expression in such a way that pairs of corresponding brackets [ and ] of the
FullForm are aligned.

b) Mathematica includes the command FortranForm. Unfortunately, no type declarations are allowed, so the output is not
always in an appropriate form to be given directly to a Fortran program. Write a function that rewrites arbitrary integers in the
form of Fortran Real*8 numbers. Let the result be a string.

¢) Which Mathematica functions have a Method option? Can one use the Mathematica kernel to find the possible option
settings?

d) Which Mathematica functions take level specifications? Can one use the Mathematica kernel to find these functions?

© 2004 Springer-Verlag New York, Inc.



THE MATHEMATICA GUIDEBOOKS to PROGRAMMING —GRAPHICS—NUMERICS—SYMBOLICS 33

e) Write a function that converts the InputForm input cells of the GuideBooks into StandardForm cells. Preserve all
comments, indentation (as much as possible) and use typical StandardForm symbols such as i, 1, e, and -.

17.'2 ReplaceAll Order, Pattern Realization, Pure Functions

a) The function orderedTriedExpressions returns a list of all (sub)expressions of expr in the order tried by Replace-
All.

orderedTriedExpressions[expr ] :=
Module[{bag = {}}, expr /. x_ :> Null /; (AppendTo[bag, x]; False); bag]

Implement a version of orderedTriedExpressions that uses only built-in functions. Implement another version of
orderedTriedExpressions that does not make any assignments (no Set or SetDelayed).

b) Write a function patternRealization that, analogous to MatchQ, takes two arguments expression and expression*
WithPatterns and gives a list of the actual realizations of the pattern variables. Write a version of patternRealization
that does not contain any auxiliary variables. Test both versions on a few examples.

¢) Given an expression that contains one-argument pure functions using Slots (like #"2&[ (#1 + #2)"3&[#1,
2#1V&[(#1 + #2 + (#72&[#]))&[#1, #4]]]1&), write a function that replaces these pure functions with ones that
have two arguments, and use explicit variables (like Function[x, bodyContainingx]).

18.1% Matrix Identities, Frobenius Formula, lterative Matrix Square Root

a) For an arbitrary 3 x3 matrix A,
3 2 1 2 2
A’ —tr(A)A” + 3 (tr(A)” —tr(A°)) A —det(A)1 =0,
where tr is the trace, det is the determinant, and 1 is the 3D identity matrix. (This identity follows from the Theorem of
Cayley—Hamilton together with the Newton relations.) Prove this identity.
b) For arbitrary 2 x2 matrices A and B the following identity hold [109%]:
B.A = (tr(A.B) —tr(A)tr(B)) 1 + tr(A)B + tr(B)A — A.B

Here again tr stands for the trace, and 1 is the 2D identity matrix. Prove this identity. Does it also hold for 3 x3 matrices? If
not, does there exists a generalization of the form

1 2 1
Z Vs A" B) tr(A)* tr(B)! 1] +[Z Z %0 (A" BY) tr(A) tr(B) A” [+

i.j.k=0 a=1 i,jk]=0

BA =

2 1
[Z Z B0 (A BY) tr(A)* (B B"]—A.B

a=1 i,jk]l=0
for 3 X 3 matrices?

¢) Prove the Amitsur-Levitzky identity [113%] for n = 3. The Amitsur-Levitsky identity states that for the 2 n matrices of
dimension n X n, denoted by A;, A,, ..., Ay,, the following sum over all permutations o of the numbers (1, 2, ..., 2n)
yields the n X n zero matrix 0,,: 3 = signature(c) Ay(1).Ax2). -+ Agan = 0,.

d) Fix a univariate polynomial g(x) of degree n and consider the eigenvalue problem [158%]
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F (g™ ()

_ k) k)
ok =4 ).

Assume that the w_(i”’k) (x) are polynomials too and conjecture a closed form for the eigenvalues )L_(i"’k).

A B
e) The well-known Frobenius formula [134%] expresses the inverse of a 2 X2 block matrix ( Cc D ) (A, B, C, and D being

n X n matrices) in the form
A"'-A'"BB-AC'D)' -A'BDO-CA'B)"
B-AC'D)" O-C.A'B)"

(The last expression can be rewritten in various equivalent forms.) Here we assume that the inverses of all four block matrices
A, B, C, and D exist. Implement a function that derives this type of representation for an n X n block matrix. Test the function
forn=2,3, and 4.

f) Let A be an nXn matrix. Its square root can be calculated by iterating the map B - B.(B.B+3A) 3B.B + A starting
with an nD identity matrix [154%]. Use this iteration to calculate a numerical approximation to the square root of a 10 x 10
Hilbert matrix.

g) Consider the following three n X n matrices G(a, b), W(x), and M(xy, ..., x,,) with elements

b
gij(a, b) = f fi(x) f;(x) dx

_ 6i_lfj(x)
w;j(x) = W
mj(Xi, ..., x,) = fi(x;).

Here the f; are unspecified real-valued functions. Verify the following relations for small n by explicit calculation [122%]:

2n-1 kn—ln—kl

b = T det(W(a))
n ‘

" det(G(a, b))
ab”

b b
det(G(a, b)) = f f det(M(x, ..., x,))* dx, ...dx,

F=D2 det(M(x, ..., X,))

0xy 0x% --- dxn-1

det(W(x)) =
where 1 < i, j < n. How far can one go with n?

19.'2 Autoloading and Package Test

a) Many Mathematica functions are programmed in the Mathematica language and autoloaded when needed. Find these
functions.

b) Analyze all packages from the standard packages directory according to the following criteria:
= How many commands are exported?

m Are undocumented commands exported?

= How many variables are used inside the packages?

= Which packages export no commands?

= Which packages change the attributes of built-in commands?
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= Which packages alter the options for the built-in commands?
= Which packages give error messages when loaded?

Do not load each individual package “manually”.

20."2 PrecedenceForm

Examine the meaning of the built-in command PrecedenceForm, and determine the precedence of all built-in commands
(when possible). Knowing preferences is important, for instance, for determining if 2 + 4 // #; & means2 + 4 //
(#; )&or (2 + 4 // #); & and soon. Do the same with all named characters (like CircleTimes, DoubleLong:-
RightArrow) that can be used as operators.

21."2 One-Liners

a) Write a “one-liner” that makes the following: Given a positive integer sum s and a list summands of positive integers a;,
the function AllPossibleFactors[s, summands] should return a list of all possibilities of lists of factors

{fi, f» ...n fn}, such as
s< Y fa, withf;=0 Vi
i=0

(A one-liner is, “by definition”, a Mathematica program that consists only of one piece of code, uses no named or temporary
variables or functions, and is often a nice example in functional programming. A one-liner does not necessarily fit into one
line.) How many different arrangements of 1¢, 5¢, 10¢, and 25¢ coins can one make, so that the net total is less than $1?

b) Write a one-liner for the Ferrer conjugate from Exercise 9.d) in Chapter 5.
¢) Model the function AppendTo by using the function Append.

d) Write a one-liner that recursively implements Meissel’s formula [191%], [162%], [117%], [159%], [160x%] for the calculation
of n(n), the number of primes less than or equal to 7.

k
A =n—1 +n(x/7)+Z(—1)f Z [LJ
Pir - Py
J=1 Piy <Piy *<Di;

Here py, ps, ..., p; are all primes less than or equal to Vn. (The nth prime can be obtained using Prime[n].) Use only
built-in symbols.

e) Write a one-liner for generating the following polynomials p,(xi, ..., x,) [155%] in factored form:
pn(-xl 5 ey -xn) = Z l_l-x;;k(g—)
o k=1
The summation runs over all elements of the permutations o of {1, 2, ..., n}. For a permutation o = {j, j,, ..., j,} the
function p (o) counts the number of j;, [ =k + 1, ..., n that are smaller than j;. Calculate p; to pg explicitly.

f) Write a one-liner that, for given positive integers k and p (0 < p < k) proves the following identity [114]:
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k=1 k—ny—1k-n—ny—1 k=ny—ny—...—n, -1
1 af@™ 1 afw)" 1 af"
n!  oxm np!  Jam ny! Ox"
n=1 ny=1 ny=1 np=1
1 A f(x)fmmm Cp 1) k-1 1 &P ff
(k—ng —ny — - —ny)! Pxk-m-n2=r=ny-l =P k=1-=p)! k! gxk-p-1
g) For any n X n matrix A, the following identity holds [107x]:
tr(A) 1 0 -0 0

tr(A?) tr(A) 2 0 0
det(A) = % det| : : : - : :
’ tr(A" 1) tr(A"2) tr(A"2) - tr(A) n-1
tr(A”)  tr(A"™Y) tr(A"2) - tr(A?) tr(A)

Implement a one-liner that checks this identity for a given matrix A. (n! is the factorial function, in Mathematican!.)

h) Let pa(2) = Z;:O ¢; z/ be the characteristic polynomial of the nXn matrix A. Then, the inverse A~! can be expressed as
A~ = —c5' ¥, ¢; A7 [107%]. Implement a one-liner that uses this identity to calculate the inverse.

i) Write a one-liner that implements the expansion of an arbitrary function f(z) in the product [108]

H()(f(z)a Z0) = 1_[ (Sk(f(ZO)))M

k=0

around the point f(zp) # 0 and where &y (f({)) = f({) and E(f () = exp({ 9 In(f({)) /I ). For a sufficiently smooth function
f(2), we have lim,_,., I1,(f(2), z0) = f(z). Calculate IT;,(cos(rr/2), 1).

j) Write a one-liner that generates all different expressions resulting from the repeated application of a binary (two-argument)
function to n sorted arguments. For example, for the four arguments a, b, ¢, d and the function f, the five compositions
fla, fb, f(c, d))), fla, f(f(b, ), d), f(f(a,b), f(c,d)), f(f(a, f(b, ), d), and f(f(f(a, b), ), d) should be formed. How
frequently do k consecutive closing ‘)’ occur for ten arguments? For six equal arguments a=b= ... = V-1, and f=Power,
how many numerically different expressions result [136%], [137%]?

k) Write a one-liner KolakoskiSequence[n] that calculates the first n terms of the Kolakoski sequence [152x%], [124x],
[178%]. With the exception of n, the function KolakoskiSequence should not use any not built-in commands. The
Kolakoski sequence {2,2,1,1,2,1,2,2,1,2,2,1, 1, ...} is the (unique) sequence of its own run lengths (meaning 2 twos,
then 2 ones, then 1 two, 1 one, then 2 twos, ....

1) Given the three differential identities

X' (1) = y(t) z(1)
¥ () = x(2) 2(1)
2 (1) = x(1) y(1)

define a sequence of functions recursively through o (t) = doy_, (¢)/ 0t, starting with o (f) = x(¢). The resulting o, () have
the form o, (¢) = 2?,;,11(:0 Ci,jk x(1)! y(t)j z(t)k . The coefficients fulfill the following sum rule: 2?,;,/1(:0 Cijr =n! [128%]. Imple-
ment a one-liner factorialSumTest that, by explicit calculation, checks this property for a given n (the factorial of # is

just n! in Mathematica). The implementation should not use any built-in symbol. Check the sum property for 0 < n < 100.
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m) Write a one-liner that, for a given n, calculates the number of permutations having k (k=0, 1, ..., n) increasing
two-sequences in all permutations of {1, 2, ..., n}. (An increasing two sequence in a permutation {ji, j, ..., j,} iS a pair

{Ji» jir1) such that ji, = j; + 1 [144%], [145%].)

22.'2 Precedences
a) What are the results of the following expressions?
Function[x, Hold[x], {Listable}] @

Hold[{l + 1, 2 + 2, 3 + 3}]

Function[x, Hold[x], {Listable}] @@
Hold[{1l + 1, 2 + 2, 3 + 3}]

Function[x, Hold[x], {Listable, Holdall}] @
Hold[{l + 1, 2 + 2, 3 + 3}]

Function[x, Hold[x], {Listable, Holdall}] @@
Hold[{l + 1, 2 + 2, 3 + 3}]

Function[x, Hold[x], {Listable, Holdall}] @
(#& @@ Hold[{l + 1, 2 + 2, 3 + 3}])

Function[x, Hold[x], {Listable}] @@
(#& @@ Hold[{l + 1, 2 + 2, 3 + 3}1])

Function[x, Hold[x], {Listable, HoldAll}] @ #& @@
Hold[{l + 1, 2 + 2, 3 + 3}]

Function[x, Hold[x], {Listable, Holdall}] @
Function[x, Hold[x], {Listable, Holdall}] @@
Hold[{l + 1, 2 + 2, 3 + 3}]

Function[x, Hold[x], {Listable, Holdall}] @@
Function[x, Hold[x], {Listable, Holdall}] @
Hold[{l + 1, 2 + 2, 3 + 3}]

Function[x, Hold[x], {Listable, Holdall}] @@
Function[x, Hold[x], {Listable, Holdall}] @@
Hold[{l + 1, 2 + 2, 3 + 3}]

b) If
localvar = 11;

Block[{localvar = 1}, Print[localVar]; WhatlsHere]

prints out 11, what might have been coded in WhatlsHere? Find a WhatlsHere that also works if Block is replaced by With.
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23.2 Puzzles

a) What is the result of the following input? (Here the spaces in the input matter; do not introduce or remove blanks.)
1e2ee3/4/06//¢7 || 8] 97/.10/.11

b) Find a value for factor, such that the following two definitions for give different results.

scaledReversedShiftedListVl[factor , list List] :=
Function[Join[factor #, Reverse[factor/2 #]]][list]

scaledReversedShiftedListV2[factor , list List] :=
Function[x, Join[factor x, Reverse[factor/2 x]]][list]

¢) Predict the result of the following input.

{#, InputForm[ToExpression @ #],
FullForm[ToExpression @ #]}& /@
Table["1"<>Table[".", {i}], {i, 1, 11}] // TableForm

d) Predict the result of the following input.

Power @@ Unevaluated[Times[2, 2, 2]].
e) Predict the result of the following input.
Power[Delete @@ Cos[Sin[2], 0]].

f) Predict the result of the following input.

{Dimensions[#], Length[Flatten[#]]}& /@
NestList[Outer[List, #, #]1&,{1., 2}, 3]

g) Given a held expression, write a function that replaces all occurrences of p_ P1lus by the evaluated result of Length[p].
h) Predict the result of the following input.

Block[{Infinity}, Apply[Subtract, {Infinity, Infinity}]]
i) Predict the result of the following input.

inherit[fNew_ , f0ld_] :=
CompoundExpression|

SetAttributes[fNew, Attributes[£f01ld]];
Options[fNew] = Options[f01ld];

(#[fNew] = (#[fold] /. f0ld -> fNew))& /@
{NValues, SubValues, DownValues,

OwnValues, UpValues, FormatValues}]

SetAttributes[f, {Listable}];
f[x_Plus] := Length[Unevaluated[x]];

Module[ {f},
inherit[f, ToExpression["f"]];
SetAttributes[f, Holdall];
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f[i_ Integer] = i"2;
fee@ £f[{1 + 1, 2 + 2}1]

j) Predict which messages will be issued when evaluating the following:

Evaluate //@ Block[{I = 1}, I"2]

What will be the result?

k) Find a Mathematica expression expr such that First[expr] and expr[ [1]] give different results.
1) Predict the result of the following inputs:

f[x 1 := Block[{a = Not[TrueQ[all}, £f[x + 1] /; a]
f @@ £[0]

m) Predict the result of the following input:

Module[{x = D, £}, C @@ f[x ] ~ Set ~ x // f[C]&] -
Module[ {x D, £}, Set @@ f[x ] ~C ~ x // f[C]&]

n) Predict the result of the following input:

c = 0;
Union[Array[l&, {100}], SameTest -> ((c¢c = ¢ + 1; False)&)];
c

o) Implement a function virtualMatrix([dim] that generates a “virtual” matrix of size dim X dim that behaves like a
“real” matrix as in the following:

n2l= M = virtualMatrix[1076];
n3 = {MatrixQ[M], Dimensions[M], Length[M[[1]]1],

{mMIL1, 111, M[I-1, -1]11},
M[[1000, 1000]] = 1000; M[[1000, 1000]1]}

oupl= {True, {1000000,1000000},1000000,{1,1},1000}
Do not unprotect any built-in function or use upvalues.
p) Given an expression expr (fully evaluated and not containing any held parts) and two integers k and /, what is the result of
MapIndexed[ (Part[expr, ##]1& @@ #2)&, expr, {k, [}, Heads -> True]?
24.'2 Hash Value Collisions, Permutation Digit Sets
a) The function Hash [ expr] returns the hash value of expr. Find two integers that are hashed to the same hash value.

b) Let S be the set of all o-digit integers in base b with every digit from the range [1, o] appearing exactly once in the base
b representation. (For instance 8(310) ={123, 132, 213, 231, 312, 321}.) Let M® be the set of pairs {s, 52}, 51, 5o € S
such that s, = ms;, j€N, m=2. Find the sets M® for 2<b <10, 1 <k <b— 1. How many elements does M!'? have?
Format the results in the form s, = m s;.

© 2004 Springer-Verlag New York, Inc.



40 Printed from THE MATHEMATICA GUIDEBOOKS

25.11 Function Calls in GluedPolygons

In the construction of the glued polygons in Section 6.0, the function Trace was used to show the relative frequency of the
use of various list manipulating functions. This was overestimating the number of function calls. Determine the actual number
of calls to the functions Reverse, Join, Dot, Map, Partition, Apply, Take, MapThread, Drop, Table, Part,
and Flatten when evaluating GluedPolygons[5, 3Pi/4, 1, Polygon, DisplayFunction ->
Identity].
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